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Recently a number of theoretical and experimental reports have appeared devoted to ques- 
tions of isotope separation in chemical reactions taking place under conditions of thermody- 
namic nonequilibrium [1-5]. In this case the working gas is usually at a low translational 
temperature (~300~ Theoretical calculations require knowledge of the probabilities of vi- 
brational-vibrational (V-V) and vibrational--translational (V--T) exchanges between molecules 
of the working gas. 

Unfortunately, there are extremely few experimental data on the probabilities of V-T and 
V--V exchanges at a temperature of <300 ~ and they cover a limited range of molecules [6-8], 
while experimental data on V--V exchange for nitrogen molecules are entirely absent. 

The purpose of the present report is the calculation of the probabilities of V--V and V--T 
exchanges between isotopic variants of nitrogen molecules. This calculation was preceded by 
a search for and selection of the most suitable methods for calculations of the probabilities 
of V--T and V-V exchanges which exist in the literature. In addition, the probabilities of 
V--T exchange were calculated for several other pairs of molecules. 

w The probability Plo(T) of vibrational--translational exchange was calculated within 
the framework of the quasiclassical approximation, which was sugggested in [9, !0] and yields 
satisfactory agreement with experiment in the temperature range of 150-300~ for the process 
CO(V = i) + He = CO(V = 0) + He + 0.2657 eV. The quantity Pxo(T) was calculated just as in 
[i0] from the equation 

E 

U 

The integration was carried out with the help of the Laguerre quadrature formula [ii] with 
an accuracy of 0.001%. The Morse potential was written in the form [12] 

U(.~') = D { e - , I S  - -  2e-:" :-z}. 

The values of the depth D of the potential well were taken from [12]. For a comparison with 
experimental data the probabilities P~o(T) were converted to characteristic relaxation times 
pT [13]. 

The parameter L of the Morse potential was chosen so that in the temperature range of 
1000-5000~ the slope of the linear section of the graph of the dependence of the loga- 
rithm of the theoretically calculated values of pT on T-]a coincided with the slope of the 
straight line approximating the experimentally measured values of log (pT). The steric fac- 
tor Z was chosen so as to obtain agreement between the theoretical and experimental values of 
pr in the temperature region of IO00-50000K. The quantity L was assumed to be the same for 
all the isotopic variants of the nitrogen molecules. The logarithms of the probabilities 
Pio(T) obtained were approximated by polynomials by the method of least squares 

";' (r :t0-'~). :. (1.2) I n  [ P l o  ( T ) ]  = ~ a i . 
~=1 

The accuracy of the approximation was 0.001%. The values of D, L, Z, and a i are presented 
in Table i. The temperature dependence of log (pT) for different pairs of combinations of 
02, N2, and Ar molecules is shown in Fig. i. The dashed lines correspond to extrapolation of 
the high-temperature experimental data into the low-temperature region in accordance with a 
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Fig. 1 Fig. 2 

~T-I/3 law [14]. The numbers on the curves indicate the serial number of the corresponding 
process in Table i. As seen from Fig. I, for T < 500~ one observes a departure from the Lan- 
dau-Teller dependence, reaching two to three orders of magnitude for T = 100~ depending on 
the pair of molecules. According to the experimental data of [6] the Landau-Teller approxi- 
mation is not satisfied at low temperatures. 

The temperature dependence of log (p~) for different isotopic variants of nitrogen mole- 
cules and for isotopic variants for nitrogen and argon molecules in shown in Fig. 2. 

w The theory developed in [15, 16] was set at the basis of the calculation of the prob- 
abilities P~(T) of vibrational--vibrational exchange between isotopic variants of nitrogen 
molecules. Some changes were introduced into the calculating method, however. The proba- 
bility of V--V exchange was determined from the equation 

t ~0 (T) ---- ~ Z exp ( D  kT) exp ( - -  h (o)1 - -  o)._.). 2kT) • 

I , " - "< " --4" sech 2 . (o) 1 - -  oo) L ]  sin 2~.:rM ,i ,3 1 ~ /e - I ' d l3 ,  ( 2 . 1 )  
i =I i-~ ;~ P" I,'F~ - ~o~2~q~l ~, --77-. ' vj 

where ~ = Mv2/2kT; y~ =mA/(m A + mB) ; Y2 = mB/(mA + roB); Y3 = mc/(mc + roD); Y~ = mD/(mc + roD); 
is the transition frequency; ~ is the reduced mass of the oscillator; M is the reduced mass 

of the colliding molecules; v is the relative translational velocity of the molecules; ~ is 
Planck's constant; m is the mass of the corresponding atom in a molecule. The indices 1 and 
2 pertain to the molecules AB and CD, respectively, taking part in the process 

A B  (V  = J) -~- CD (V = O) = A B  (V  --  O) ~- CD (V = 1) -~- h (co~ - -  c%). 

The factor exp(D/kT) roughly allows for the attraction of the molecules [17], the coef- 
ficient 1/2 appears due to averaging over the impact parameter of the collision of molecules 
AB and CD [18], and the factor exp[--h(ml --m=)/2kT] is introduced to make the probability 
equations symmetrical relative to the final and initial velocities of the colliding molecules 
[19]. The double summation is carried out in order to average over the collisions AB--CD, AB-- 
DC, BA--CD, and BA--DC. 

In Eq.(2.1) the argument of the sine is written in m more general form than in [16], a 
form suitable for different molecules. 
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5000 ~000 500 JO0 200 ~00 T, "K 
p6/ , , 

10"J 

40-4 
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Fig. 3 

The parameter L in the interaction potential U(r) = Ae -r/L -- D was determined with the 
help of the parameter o of the Lennard-Jones potential by method A of [13]. The values of c 
presented in Table 1 were taken from [12]. The steric factor Z was taken as equal to 1/3 in 
the calculations. 

The integral of (2.1) was not replaced by an approximate analytical formula as in [16] 
but was determined by numerical integration with an accuracy of 0.001%. 

The results of a calculation of the exchange probability P~oI(T) by Eq. (2.1) for the 
process N2(V = i) + CO(V = 0) = N=(V = 0) + CO(V = I) + 0.0231 eV are presented in Fig. 3. 
The known results presented in [7] are plotted with dots, those presented in [20] by crosses, 
the region where the experimental values of [21] lie is hatched with horizontal lines, and 
that for [22] by vertical lines. 

The agreement with the experimental data is very good in the region of low temperatures. 
But in the region of high temperatures the spread between the published experimental data 
reaches almost an order of magnitude, and our results agree best with the results of [22]. 

The exchange probabilities for the processes 

N2(V:=  t ) - - O , . , ( V ~  0) = N2(V = 0) q- O . , ( V =  t)-- ' ,  0 . 0 9 5 8 e V ,  

CO(V = i) O~(V =~ 0) :-:: CO(V = 0) -~ O2(V = ]) -? 0.0728 eV 

were also calculated by Eq. (2.1) and good agreement with the experiments was found. 

This gives reason to assume that in the case of V--V exchange between nitrogen molecules, 
for which experimental data are entirely absent, the results of a calculation by Eq. (2.1) 
will also be close to the true probabilities. 

The temperature dependence of the probabilities P~(T) for isotopic variants of nitro- 
gen molecules is shown by solid lines in Fig. 4 while the results of a calculation by Eq. 

(2) of [16] for the process 

N.,(V = 1) + N~(V = O) = No(V = o) § N_o(V = J) 

with a steric factor Z = 1/3 is shown by a dashed line. 

As follows from Fig. 4, in the case of resonance vibrational--vibrational exchange the 
01 P Io(T) are practically the same for all three isotopic variants of nitrogen molecules, but 

with an increase in the isotopic shift the probabilities of quasiresonance V--V exchange de- 
crease, with the difference between them becoming more noticeable with a decrease in tempera- 

ture. 

w On the basis of the results presented one can conclude that the mass number has an 
important effect on the probabilities of vibrational--vibrational and vibrational--translational 

exchanges. 
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5'000 ~000 .500 300 200 ~00 T, "K 
l I 

P$' \ \  

"N t \ 

lO-J I " ~  

I 2 

1 1 
i ! 

I '  

0,08 0~r 0,{5 0,20 T-I/3 "K-l/3 

Fig. 4 

In the calculations it was found that the difference between the probabilities at T = 
100~ for the processes 

Ni~Ni~ NI~Ni~(V Ni~Ni~ , Ni~NI~(V = 1) ,+ . ~ 0) _t. 0.289 eV, - . . . .  , - t  ( 3 . 1 )  

NI~Nts(V = 1) .,-k NI~NI~ : N15N15(V = 0) ,-) N14N 1~ + 0.279 eV ( 3 . 2 )  

is 51%, while for the processes 

NI~NI'(V -- I) q- Ar = N~N~4(V = 0) q- Ar q- 0.289 ev, (3.3) 

NiSNis(V = 1) -k Ar = NiSNi~(V = 0) -}- Ar  - -  0.279 eV ( 3 . 4 )  
it is 15%. 

Such a difference is connected with the fact that the energy of the N~4N :4 oscillator is 
greater than that of the N~N ~s oscillator, while the mass of the argon atom is greater than 
that of N:~N ~4 or N~N :s. The indicated tendency of a decrease in the exchange probability 
with a decrease in the oscillator energy and the mass of the incident moleculewas also brought 
out in [23], where the experimental data on the characteristic times of vibrational--transla- 
tional relaxation were analyzed for a whole series of molecules. 

The differences in the probabilities become smaller with an increase in temperature, and 
at T = 3000=K they are 24 and 9% for the processes (3.1), (3.2) and (3.3), (3.4), respectively. 

In the case of V-V exchange for isotopic variants of nitrogen molecules it was found 
that the maximum difference in probabilities is observed for processes 2 and 5 (see Table i), 
where the energy defect is maximal, and it reaches 82% at T = !00=K. 

The larger difference in probabilities in comparison with V--T exchange is due to the 
fact that with an increase in the energy defect, i.e., with departure of the system from 
resonance, the probability of V-V exchange decreases sharply by an exponential law [14]. 

As noted in a number of reports (see [24], for example), the multipole interaction can 
make a significant contribution to the probability of V--V exchange at low temperatures. The 
probabilities of V--V exchange for CO molecules with allowance for the dipole--dipole interac- 
tion are calculated in [18]. It is shown that allowance for this interaction leads to an 
increase in the probability and that the effect of the weaker dipole-quadrupo!e interaction- 
is small. This gives reason to assume that the relatively weak quadrupole-quadrupole in- 
teraction changes the results of the calculation insignificantly, since the N= molecule 
does not have a permanent dipole moment. 

The results of the present work make it possible to proceed to the numerical calculation 
of processes of separation of nitrogen isotopes in chemical reactions taking place under con- 
ditions of thermodynamic nonequilibrium at a low translational temperature. Up to now we know 
of examples in the literature of such calculations [4, 5] which were made without allowance 
for the difference in the probabilities of V--T exchange for different isotopic variants of 
nitrogen. 

597 



However, the difference in the probabilities of V--T exchange indicated above can ob- 
viously affect the coefficient of separation calculated, for example, in [5]. Thus, for the 
processes 

Ni~Ni~(V. . .  , = i 0 ) - - A r  = Ni~NI'~(V~ . = 9) + A t - K 0 . 2 5 7  e v ,  ( 3 . 5 )  

N i ~ N i S ( l ;  = 10) @ A r =  NiSN15(V = 9) - -  A r  ~-  0 . 2 4 3  eV (3.6) 

the ratio of the probability Pio,,(T) of the process (3.6) to the analogous probability of 
the process (3.5) equals about 3-4 and increases with the level number, which can lead to 
depletion of the upper vibrational levels of the heavy isotope. 

The authors thank E. E. Nikitin, S. Ya. Umanskii, and E. A. Andreev for useful discus- 
.sions. 
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A METHOD FOR INTEGRATING THE FOKKER--PLANCK EQUATION 

S. A. Reshetnyak and L. A. Shelepin UDC 533.72 

A method for analyzing kinetic processes described by the Fokker-Planck equation is 
proposed. The method is based on a series expansion of the distribution function in the 
powers of an evolution operator acting on the equilibrium function (or on the series of tem- 
poral derivatives of some parameter). To be specific, the following equation is considered 
which describes a wide range of effects in standard plasma as well as in a solid-body one: 

ol , o/ o or _ A , i )  (1) 

In the case of a spatially homogeneous distribution function f of electrons which only de- 
pend on the modulus of the velocity vector v provided the equilibrium temperature T e of the 
electron distribution is known Eq. (I) can be reduced to 

~-o7- = o--F .gD-~ ]' ~2) 

w h e r e  u -- e x p ( m v 2 / 2 T e )  f ;  g = v 2 e x p ( - m v 2 / 2 T e ) ;  D i s  t h e  d i f f u s i o n  c o e f f i c i e n t ;  v i s  t h e  modu-  
l u s  of the velocity vector. 

By integrating both sides of (2) twice with respect to v and assuming the derivative 
au/3v to be bounded at zero one has 

u = uo + ~u ,  (3)  

where the evolution operation E is defined as follows: 

---- do" d~" g s Or" 
�9 u 

o o 

The operator E now acts on the equilibrium distribution function u = uo on the right-hand 
side of (3) ; the result is called a quasiequilibrium distribution function (QDF)of the first order. 
By acs with the operator E on the right-hand side of (3) on the QDF of the first order one 
finds a QDF of the second order, etc. Thus, the sought distribution function is now repre- 
sented in the form of an infinite series in the powers of the evolution operator E or in the 
form of a series of time derivatives of the parameter uo : 

b~= ~ EnUo = S  ~n d(n)u~ (4) 
n=O n=O dtn 

in which nhe expansion coefficients are found from the formula 

0 0 

Terms with higher derivatives in (4) play an important part only in the initial stages 
of the procedure. They become smaller in due time, and starting from an instant the expansion 
(4) can be limited to a finite number of terms. The assumption that an infinite series can 
be "curtailed" is based on the fact that gradually the system "forgets" the data on the ini- 

Moscow. Translated from Zhurnal Prikladnoi Mekhaniki i Tekhnicheskoi Fiziki, No. 5, pp. 
13-16, September-October, 1977. Original article submitted September 30, 1976. 

0021-8944/77/1805-0599507.50 �9 1978 Plenum Publishing Corporation 599 


